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Summary  In  this  study,  we  develop  new  analytical  solution  to  estimate  the  transient  behav-
ior of  phreatic  surface  in  an  anisotropic  unconﬁned  aquifer  which  is  overlying  a  leaky  base  and
subjected  to  multiple  recharge  and  withdrawal.  The  hydrologic  setting  consists  of  a  rectangular
unconﬁned  leaky  aquifer  adjacent  to  two  water  bodies  of  constant  water  head  along  the  oppo-
site faces  of  the  aquifer.  The  remaining  two  faces  of  the  aquifer  have  no  ﬂow  conditions.  The
ﬂow of  seepage  is  approximated  using  two-dimensional  Boussinesq  equation,  and  solved  ana-
lytically using  mixed  ﬁnite  Fourier  transform.  Application  of  the  new  solution  is  demonstrated
using an  illustrative  example.
©  2016  Published  by  Elsevier  GmbH.  This  is  an  open  access  article  under  the  CC  BY-NC-ND  license
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n  recent  past,  analytical  models  have  emerged  as  impor-
ant  tools  for  prediction  of  transient  as  well  as  steady-state
ehavior  of  water  table  in  conﬁned  and  unconﬁned  aquifers
ubjected  to  seepage  and  recharge  conditions.  Essential
 This article belongs to the special issue on Engineering and Mate-
ial Sciences.
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odeling  techniques  for  simulation  of  subsurface  seepage
ow  in  conﬁned  as  well  as  unconﬁned  aquifers  have  been
resented  and  tested  by  several  investigators  (Polubarinova-
ochina,  1962;  Hantush,  1965;  Hunt,  1971).  Boussinesq
quation  is  used  as  main  tool  for  estimation  of  surface-
roundwater  interaction.  Most  of  the  existing  models  for
urface-groundwater  interactions  are  based  on  a  restric-
ive  assumption  that  the  aquifer  is  underlain  by  a  perfectly
mpervious  base.  Aquifers  in  deep  sedimentary  basins  are
ften  multilayered  with  leaky  conﬁning  beds.  Recently,
ansal  and  Teloglou  (2013)  analyzed  the  variations  in  water
able  in  an  unconﬁned  aquifer  overlying  a  semipervious  base
ue  to  multiple  recharge  and  withdrawal.  They  considered
n  L-shaped  aquifer  which  is  homogeneous  and  isotropic.
icle under the CC BY-NC-ND license (http://creativecommons.org/
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˝Simulation  of  2-dimensional  subsurface  seepage  ﬂow  in  an  a
The  analysis  presented  by  them  indicates  signiﬁcant  vari-
ations  in  groundwater  mound  and  cone  of  depressions  on
account  of  vertical  leakage  through  the  leaky  base.  How-
ever,  the  assumption  of  L-shaped  boundary  and  isotropy
narrows  the  applicability  of  their  results.
In  this  paper,  a  new  analytical  solution  of  2-dimensional
linearized  Boussinesq  equation  is  developed.  The  hydrologi-
cal  setting  of  the  model  consists  of  an  unconﬁned  anisotropic
aquifer  overlaying  a  semipervious  (leaky)  base,  subjected
to  recharge  and  withdrawal  activities  through  multiple
recharge  basins  and  extraction/injection  wells.  Implemen-
tation  of  the  new  results  is  illustrated  with  a  numerical
example.
Mathematical model and analytical solution
An  anisotropic  unconﬁned  aquifer  of  dimension  A  ×  B  is
underlain  by  a  semipervious  (leaky)  base.  Hydraulic  conduc-
tivities  of  the  aquifer  along  x  and  y  directions  are  Kx and
Ky respectively.  The  aquifer  is  in  contact  with  two  water
bodies  along  the  coastlines  x  =  0  and  x  =  A,  maintaining  a  con-
stant  water  head  H0 along  these  coastlines.  The  other  two
boundaries,  namely  y  =  0  and  y  =  B  of  the  aquifer  are  fully
impervious,  and  thus,  no-ﬂow  conditions  are  imposed  across
these  boundaries.  The  initial  depth  is  uniformly  H0.  Recharge
and  withdrawal  activities  are  carried  out  using  rectangular
basins  and  point  sized  extraction  wells  located  in  the  domain
of  the  aquifer.  If  H(x,  y,  t)  denotes  the  variable  water  table
measured  from  horizontal  datum,  then  the  groundwater  ﬂow
in  unconﬁned  horizontal  aquifer  with  semipervious  base  is
governed  by  the  following  2-dimensional  partial  differential
equation:
Kx
∂
∂x
(
H
∂H
∂x
)
+  Ky ∂
∂y
(
H
∂H
∂y
)
+ R(x,  y,  t)  = S ∂H
∂t
+ k
b
(H  − H0) (1)
where  S  =  speciﬁc  yield;  k  and  b  are  the  hydraulic  conduc-
tivity  and  thickness  of  the  of  the  base.  The  term  R(x,  y,  t)
signiﬁes  combined  effects  of  recharge  and  withdrawal.  The
number  of  basins  and  wells  are  considered  to  be  n1 and  n2
respectively.  The  ith  basin  is  centered  at  (xi,  yi)  and  is  of
dimension  ai x  bi,  whereas  the  jth  well  is  located  at  (xj,  yj).
Recharge  is  considered  at  time-varying  rate,  whereas  the
extraction/injection  is  at  constant  rate.  Thus,  we  deﬁne
R(x,  y,  t)  =  [
n1∑
i=1
Pi(x,  y,  t)  −
n2∑
j=1
Qjı(x  −  xj)ı(y  −  yj)]  (2)
where  Pi(x,  y,  t)  denotes  the  transient  recharge  rate  in  the
ith  basin  extending  from  xi ≤  x  ≤  xi +  ai;  yi ≤  y  ≤  yi +  bi.  Qj is
the  rate  of  injection/extraction  in  the  jth  well.  ı  is  the  Dirac
delta  function.  We  assume  that
Pi(x,  y,  t)  =
{
Ni0 + Ni1e−it, xi ≤  x ≤  xi + ai; yi ≤  y ≤  yi + bi
0,  otherwise
(3)
where  i is  a  positive  constant,  determining  the  rate  at
which  the  recharge  in  the  ith  basin  reduces  to  a  ﬁnal  value  Ni
0 from  an  initial  value  Ni0 +  Ni1.  The  initial  and  the  boundary
conditions  are  prescribed  as  follows:
H(x,  y,  t  =  0)  =  H(x  =  0,  y,  t)  =  H(x  =  A,  y,  t)  =  H0,(
∂H
∂y
)
y=0
=
(
∂H
∂y
)
y=B
=  0  (4a-e) a
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Due  to  nonlinearity,  Eq.  (1)  is  not  analytically  tractable.
n  order  to  ﬁnd  an  approximate  analytical  solution  of  Eq.
1), we  rewrite  it  in  the  form
x
∂2H2
∂x2
+ Ky ∂
2H2
∂y2
+  2R(x,  y,  t) =  S
(
1
H
∂H2
∂t
)
+ 2k
b
(H2 −  H20 )
(H  + H0) (5)
Eq.  (5)  is  now  linearized  as  per  the  analogy  of  Marino
1973).  We  obtain
∂2H2
∂x2
+ Ky
Kx
∂2H2
∂y2
+ 2
Kx
R(x, y, t) = S
KxD
(
∂H2
∂t
)
+ k
KxbD
(H2 − H02) (6)
here  D  is  the  average  saturated  depth.  Now,  deﬁne  H′ (x,
,  t)  =  H2 −  H02,  we  get
∂2H′
∂x2
+ Ky
Kx
∂2H′
∂y2
+ 2
Kx
R(x,  y,  t)  = S
KxD
∂H′
∂t
+ k
KxbD
H′ (7)
The  initial  and  boundary  conditions  read
′(x,  y,  0)  =  H′(x  =  0,  y,  t)  =  H′(x  =  A,  y,  t)  =  0;
∂H′
∂y
)
y=0
=
(
∂H′
∂y
)
y=B
=  0  (8a-e)
Eq.  (7)  along  with  the  conditions  (8a-e)  is  solved  by  using
ixed  Fourier  transform.  Deﬁne
(m,  n,  t)  =  Fsc
{
H′(x,  y,  t);  (x,  y)  →  (m,  n)
}
=
A∫
x=0
B∫
y=0
H′(x,  y,  t)  sin
(
mx
A
)
cos
(
ny
B
)
dydx  (9)
On  taking  mixed  Fourier  transform  of  Eq.  (7), we  get
n  ordinary  differential  equation  which  can  be  solved  using
eneral  method.  The  solution  thus  obtained  is
2 = H02 + 8
ABKx
∞∑
m=1
∞∑
n=1
sin (ˇmx) cos (ny)
×
[
n2∑
j=1
− jQj
 ˛ + c (1 − e
−(˛+c)t)
+
n1∑
i=1
˝i
{
Ni0
˛ + c (1 − e
−(˛+c)t) + Ni1
 ˛ + c − i (e
−it − e−(˛+c)t)
}]
(10)
here
m = m
A
,  n = n
B
√
Ky
Kx
,  c  = k
KxbD
;   = KxD
S
;
˛  =  (ˇm2 +  n2) (11a-e)
i =  − 1
ˇmn
[
cos
{
ˇm(xi +  ai)
}−  cos  (ˇmxi)]
× [sin { (y +  b )}−  sin  ( y )] (12)n i i n i
nd
j =  sin  (ˇmxj)  cos  (nyj)  (13)
2 C.K.  Lande  et  al.
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Figure  3  Water  table  proﬁle  for  k  =  0.25  m/d.78  
iscussion of results
n  unconﬁned  aquifer  is  considered  consisting  of  two  rect-
ngular  basins  B1 and  B2 of  dimension  10  m  ×  10  m  each,
entered  at  (35  m,  35  m)  and  (115  m,  35  m)  respectively.  Two
xtraction  wells  W1 and  W2,  located  at  (35  m,  75  m)  and
115  m,  75  m)  are  considered.  Recharge  is  applied  through
1 and  B2 at  a  rate  0.5  +  0.8e−0.2t and  0.4  +  0.9e−0.2t per  day
espectively.  Water  is  extracted  from  W1 and  W2 at  a  con-
tant  rates  40  and  30  m3/day  respectively.  Distribution  of
ater  head  along  line  y  =  35  m  for  t  =  1,  5  and  10  d  is  pre-
ented  in  Fig.  1.  It  is  observed  that  the  groundwater  mounds
re  symmetrical  about  the  centers  of  the  basins;  however,
he  growth  of  mound  beneath  B1 is  marginally  higher  than
hat  of  beneath  B2,  mainly  due  to  varying  recharge  rate.
ydraulic  resistance  of  aquifer’s  base  (measured  by  the  ratio
/k)  has  signiﬁcant  impact  on  the  transient  proﬁles  of  the
hreatic  surface.  Numerical  experiments  reveal  that  the
roundwater  mound  attains  higher  level  in  those  aquifers
hich  have  comparatively  higher  values  of  hydraulic  resis-
ance.  Lowering  of  water  table  due  to  continuous  pumping
rom  wells  W1 and  W2 are  shown  in  Fig.  2.
These  proﬁles  characterize  cones  of  depression  at  t  =  1,
 and  10  d  in  the  presence  of  semipervious  base  with
 = 0.25  m/d.  The  difference  in  depth  of  cone  under  W1 and
2 is  primarily  due  to  varying  pumping  rate  (Q1 = 40  m3/d,
2 =  30  m3/d).  It  can  be  observed  from  these  ﬁgures  that  the
epth  of  cone  increases  with  time.  When  the  base  is  leaky,
ithdrawal  from  the  wells  is  supplemented  by  the  leakagenduced  vertical  ﬂow  from  hydraulically  connected  sources.
onsequently,  the  depth  of  the  cone  of  depression  is  miti-
ated.  Three  dimensional  view  of  the  groundwater  mound
15
15.05
15.1
15.15
15.2
0 25 50 75 100 125 150
H 
(m
)
x (m)
1 d
5 d
10 d
Figure  1  Groundwater  mound  for  k  =  0.25  m/d.
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Figure  2  Cone  of  depression  for  k  =  0.25  m/d.
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nd  the  cone  of  depression  for  t  =  10  days  is  shown  in  Fig.  3
or  k  =  0.25  m/d  and  Fig.  4  for  k  =  0.
onclusion
ew  analytical  solution  of  2-dimensional  Boussinesq  equa-
ion  is  developed  to  simulate  water  table  ﬂuctuations  in
 rectangular  shaped  unconﬁned  aquifer  due  to  multi-
le  recharge  and  withdrawal.  It  is  demonstrated  that  the
emipervious  layer  supplements  the  drawdown  beneath
he  wells,  and  reduces  the  height  of  groundwater  mound
eneath  recharge  basins.
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